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■ Abstract 

We study the twirling semigroups of (super)operators, namely, certain quantum dynamical 
' (-H ' , semigroups that are associated, in a natural way, with the pairs formed by a projective represen- 

i' tation of a locally compact group and a convolution semigroup of probability measures on this 

group. The link connecting this class of semigroups of operators with (classical) Brownian mo- 
' tion is clarified. It turns out that every twirling semigroup associated with a finite-dimensional 

representation is a random unitary semigroup, and, conversely, every random unitary semigroup 
arises as a twirling semigroup. Using standard tools of the theory of convolution semigroups 
of measures and of convex analysis, we provide a complete characterization of the infinitesimal 
generator of a twirling semigroup associated with a finite-dimensional unitary representation 
of a Lie group. 
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XT) '• 1 Introduction 
rn 

psj . The theory of Brownian motion and its several ramifications form an evergreen area of research of 
i physics and mathematics. The interesting history of this subject would deserve a whole article per 
se; hence, we will content ourselves with recalling just a few salient facts related to our present 
contribution. The first investigations of Brownian motion on a Lie group — and, more generally, 
of probability theory on groups — seem to be due to Perrin [1], who studied Brownian motion 
^ I on the rotation group S0(3), and, later, to Levy [2] who provided the first theoretical treatment 
• of probability measures on U(l) (also consider the early work of von Mises [3] who, studying the 
atomic weights, introduced a normal distribution on the torus). These investigations paved the 
way to an extensive study of probability theory on locally compact groups (started in the 1940s); 
see the classical references [U [5], and the rich bibliography therein. In particular, fundamental 
and systematic contributions to the theory of Brownian motion on Lie groups are due to Ito [6], 
Yosida ^ and Hunt [8j. 

In 1966, Nelson showed that there is a remarkable link connecting (classical) Brownian motion 
and the Schrodinger equation [9]. Assuming that a particle of mass m is subject to a Brownian 
motion with diffusion coefficient h/2m (and no friction), and using the well known relation between 
the particle probability density and the quantum-mechanical wave function, he was able to derive 
(formally) the Schrodinger equation. 

A different association of the evolution of a quantum system with Brownian motion was pro- 
posed, later on, by Kossakowski [10]. In the pioneering times of the theory of open quantum sys- 
tems [11] — a complete definition of quantum dynamical semigroups and the Gorini-Kossakowski- 
Lindblad-Sudarshan classification of the infinitesimal generators |12^ llSj had not been established 
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yet — he observed that there is a class of semigroups of (super)operators — acting in a space of 
trace class operators — that are generated, in a natural way, by the pairs of the type {U, {fJ-t}teR+)j 
where C/ is a representation of a group G and {lJ-t}t&R+ is a convolution semigroup of measures 
on G. In particular, he considered the case where G is a Lie group and {lJ't}t(^R+ is what we call 
nowadays a Gaussian semigroup of measures (see Sect.[5|). This class of convolution semigroups of 
measures describe the statistical properties of Brownian motion on G (the natural generalization 
of the ordinary Brownian motion) . 

The aim of the present contribution is to provide a rigorous study of the above mentioned class 
of semigroups of superoperators — that we will call twirling semigroups — without restrictions 
on the convolutions semigroups of measures considered. In particular, in the case where G is a 
Lie group, we will not assume, in general, to deal with Gaussian semigroups of measures. We will 
prove that every twirling semigroup is a quantum dynamical semigroup and, in the case where 
G is a Lie group and U is a finite-dimensional unitary representation, we will provide a complete 
characterization of the infinitesimal generators of the twirling semigroups associated with U. 

Like many other mathematical objects having a 'natural' definition, it turns out that twirling 
semigroups arise in the study of various physical contexts. For instance, the analysis of the in- 
finitesimal generators of the twirling semigroups reveals that this class of semigroups of super- 
operators includes, in particular, the semigroups describing the dynamics of a finite-dimensional 
system with a purely random Gaussian stochastic Hamiltonian |15] , and the reduced dynamics of a 
finite-dimensional system in the limit of singular coupling to a reservoir at infinite temperature |16j . 

The twirling semigroups associated with the defining representation of the group SU(N) have 
been studied by Kiimmerer and Maassen [T7], with the aim of characterizing the dilations of 
dynamical semigroups that are 'essentially commutative'. 

Our interest in twirling semigroups is also motivated by possible applications in the field of 
quantum computation and information [18], where, usually, finite-dimensional quantum systems 
are considered. In fact, it is well known that a relevant class of 'quantum channels' is formed by the 
so-called random unitary maps, i.e., by those completely positive trace-preserving maps that can 
be expressed as convex superpositions of unitary transformations. Gregoratti and Werner [19j have 
given a remarkable characterization of this class of maps: they are the only quantum channels that 
enjoy the property of being perfectly corrigible by using, as the only side-resource, classical infor- 
mation obtained form the environment. Smolin, Verstraete and Winter [20| have conjectured that 
asymptotically many copies of any unital quantum channel (a quantum bistochastic map |21j ) — 
random unitary maps form a subset of the set of unital channels — may be arbitrarily well approx- 
imated by a random unitary map. This conjecture, if proved, would be a 'quantum counterpart' of 
the Birkhoff-von Neumann theorem |22j on bistochastic matrices. Recently, Mendl and Wolf |23] 
have studied the relation between the set of unital channels and the subset of random unitary 
maps, and verified the conjecture in special cases. Other recent investigations of random unitary 
maps include applications to quantum cryptography [2l] and quantum state reconstruction [25]. 

It is therefore an interesting and natural issue to characterize the random unitary semigroups, 
i.e., the quantum dynamical semigroups consisting of random unitary maps. But it turns out that 
— in the case of a finite-dimensional quantum system — there is a precise relation between random 
unitary semigroups and twirling semigroups: indeed, every twirling semigroup is a random unitary 
semigroup — see Sect. [5] — and, conversely, it can be shown that every random unitary semigroup 
arises as a twirling semigroup. Thus, it is likely that our results — in addition to their intrinsic 
theoretical interest — may find useful applications in the context of quantum information. 

The paper is organized as follows. In Sect. [21 for the reader's convenience, we will recall 
some mathematical facts that are fundamental in the rest of the paper, and we will set the main 
definitions and notations. Some further notations will be introduced later on, closer to the place 
where they are used. Next, in Sect. [3l we will briefiy discuss the group-theoretical framework 
underlying the description of the statistical properties of 'standard' Brownian motion. This should 
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help the reader to achieve a clearer understanding of the general framework. The main object 
of our investigation — the twirling semigroups — will be introduced in Sect. [U were the basic 
properties of these semigroups of superoperators will be studied. In Sect. \5\ we will focus on the 
case of twirling semigroups associated with finite-dimensional representations of Lie groups. As 
already mentioned, this case is relevant for applications to quantum information. Eventually, in 
Sect. [6l a few conclusions will be drawn. 



2 Definitions, basic known facts and notations 

In this section, we will fix the main notations, and recall some basic definitions and results that will 
be useful in the rest of the paper. We will be rather concise and, for further details, we invite the 
reader to consult the standard references [26] (functional analysis and basics in probability theory) , 
[27l [28] (semigroups of operators), |29n30j (Lie groups, representation theory), [U [5] (probability 
theory on groups). 

Let j£ be a separable real or complex Banach space. Denoting by M"'" the set of non-negative 
real numbers (the set of strictly positive real numbers will be denoted by M+), a family {^t}t&R+ 
of bounded linear operators in X is said to be a (one-parameter) semigroup of operators if the 
following conditions are satisfied: 

1. Ct^s = G^t+s, Vt,s > (one-parameter semigroup property); 

2. Co = I; 

3. limjj^o W^t C ~ Cll = 0) ^ ^) s-lim^j^o = I (strong right continuity at t = 0). 

Here and throughout the paper, / is the identity operator. According to a classical result — 
see [27] — the previous conditions imply that the map B t ^ €t £ 3l is strongly continuous. 
Moreover [28], the last condition is equivalent to the assumption that w-lim^^o = I (weak limit). 
A semigroup of operators {Ct}tg]R+ is said to be a contraction semigroup if, in addition to the 
previous hypotheses, it satisfies 

4. ||e:t|| < 1, vt > 0. 

A semigroup of operators {Ct}tg]R+ admits a densely defined infinitesimal generator^ namely, 
the closed linear operator 21 in X defined by 

Dom(2t) := |C G X: 3 limt-^((j:tC-C)}, 21C := limt-^(e:tC - C), VC G Dom(2t). (2.1) 

Let X be a locally compact, second countable, Hausdorff topological space (in short, l.c.s.c. 
space). If X is noncompact, the symbol X will indicate the one-point compactification of X. We 
will denote by Co(^) the Banach space of all continuous M- valued functions on X vanishing at 
infinity (hence, bounded), endowed with the 'sup- norm': 

||/||sup:=sup|/(x)|, /gCo(X). (2.2) 

As is well known, Cq{X) is the closure, with respect to the sup-norm, of the vector space Qc{X) 
of all continuous M- valued functions on X with compact support. If X is noncompact, the vector 
space Co(^) can be immersed in a natural way in C(X), the Banach space of continuous real- 
valued functions on X (endowed with the sup-norm) — i.e., setting /(oo) = 0, for all / G Co(-'^) 
— and every function in C{X) can be expressed as the sum of a function in Co(^) and a constant 
function. 



3 



We will call a contraction semigroup {^t}teR+ the Banach space Co{X) a Markovian semi- 
group if it satisfies the conditions 

Co{X)Bf>0 ^tf>0,yt>0, (2.3) 

(hence: Ct/i > (ttf2, for /i > /2) — thus, for each x € X, the map Ft-x- Co(X) 9 / i-> ((j:t/)(x) 
must be a (bounded) positive functional, with IIFt;^. || < \\^t\\ < 1 — and 

sup ((j:t/)(x) = 1, VxeX, Vt>0; (2.4) 
/eCo(X), o</<i 

i.e., ||Ft;3;|| > 1, hence: ||Ft;x|| = 1. Clearly, condition (12. 4p implies that the contraction semigroup 
{^t}t&R+ is such that \\^t\\ = 1, for all t >0. Moreover, by the Riesz representation theorem there 
exists a unique family {pt-x '■ t G M""", x € X} of (regular jl| probability measures on X such that 

(Q/)(x) = Ft;, / = / f{y) dpt-Av), V/ G Co(X), Vx G X, Vt > 0. (2.5) 
Jx 

Assume, in particular, that the topological space X is compact. Then, 1 G Co{X) (= C{X)), 
and 1 = ||Ft;2^|| = Fj^a^l, for all x G X and t > 0. Therefore, in this case, condition (|2.4p can be 
replaced by the following: 

€tl = l, Vt > 0. (2.6) 

We will denote by Cc(M") the vector space of all M- valued functions on R", 'of class C^', with 
compact support. The completion of this vector space with respect to the norm 




is a real Banach space which will be denoted by Cq(M") (it is clear that Cg(M") C Co(lR"')). 
Moreover, we will denote by the symbol C^(M") the completion with respect to the norm (j2.7p of 
the real vector space consisting of linear superpositions of functions in the vector space C^(M") 
and the constant functions on R". 

Complexifications of some of the real vector spaces of functions introduced above will also be 
considered. For instance, we will consider the complexification Cc{X;C) of the real vector space 
Cc{X) = Cc(X;R). The notations adopted will be consistent with this example. 

Let G be a locally compact, second countable, Hausdorff topological group (in short, l.c.s.c. 
group). The symbol e will denote the identity in G, and G* the set G \ {e}. 

We will mean by the term projective representation of G a Borel projective representation of 
G in a separable complex Hilbert space Ti (see, for instance, ref. [30], chapter VII), namely a map 
U of G into 1/({'H) — the unitary group of ?^ — such that 

• [/ is a weakly Borel map, i.e. G B g {(j), U{g) ip) G C is a Borel function, for any pair of 
vectors (pjip £ Ti; 

. U{e) = I; 

• denoting by T the circle group, namely the group of complex numbers of modulus one, there 
exists a Borel function m : G x G — t- T such that 

U{gh) = m{g,h)U{g)U{h), yg,heG. (2.8) 
^Recall that in a l.c.s.c. space every finite Borel measure is regular. 
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The function m is called the multiplier associated with U (multipliers, however, will play no rel- 
evant role in our later discussion). Clearly, in the case where m = 1, [/ is a standard unitary 
representation; in this case, according to a well known result, the hypothesis that the map U is 
weakly Borel implies that it is, actually, strongly continuous. 

We will denote by M^{G) the semigroup — with respect to convolution of measure H — of all 
(regular) probability measures on G, endowed with the weak topology (which, in Ai^{G), coincides 
with the vague topology). The symbol 6 = 6e will denote the Dirac measure at e, measure that 
is, of course, the identity in the semigroup ^A^{G). By a continuous convolution semigroup of 
measures on G we mean a subset {fit}t&R+ of M.^{G) such that the map M+ 3 t ^ iJ,t G A4^{G) is 
a homomorphism of semigroups and 

lim lit = S. (2.9) 

m 

It is a well known fact that this condition implies that the homomorphism t nt is continuous. 
Let fihe a probability measure in Ai^{G). The probability operator associated with /i is a bounded 
linear operator Co{G) — Co(G) defined by 

{V^.f){9)■■= [ f{9h)di^{h)= [ f{h)df,g{h), V/gCo(G), (2.10) 
Jg Jg 

where the probability measure is the g-translate of the measure //. Furthermore, the probability 
operator is left-invariant, i.e. 

^/.^<, = ^3*P^, V^gG (2.11) 

— where ig-. Co(G) — Co(G) is the isometry defined by igf := f{g{-)) — and W^i^W = 1 (by one 
of the assertions of the Riesz representation theorem) . 

A convolution semigroup of measures on G generates, in a natural way, a contraction semigroup. 
Precisely, let {fJ't}teR+ be a continuous convolution semigroup of measures on G. Then, setting 

:=q3M.' * >0' (^0 = /), (2.12) 

we get a contraction semigroup {*Pt}tgM+ — precisely, a Markovian semigroup — in the Banach 
space Co{G), which is left-invariant: ^t^g = ^g^t, for all 5 G G and t G M"*". A semigroup of 
operators of the type (j2.12p will be called a probability semigroup on G. Actually, it turns out 
that definition ()2.12p establishes a one-to-one correspondence between the left-invariant Marko- 
vian semigroups in Co{G) and the continuous convolution semigroups of measures on G (or the 
associated probability semigroups). 

Let now G be, in particular, a Lie group of dimension n > 1. We will denote by BC°°(G), 
C^(G) the vector spaces of all bounded smooth real- valued functions on G and of all smooth real- 
valued functions on G with compact support, respectively. For every basis {^1, . . . ,S,n} in the Lie 
algebra Lie (G) (realized as the space of left-invariant vector fields) of G, there exists a relatively 
compact neighborhood £e of the identity in G and a local chart 

{£e;£eB 9^x\g),...,£eB g^ x"((7)) (2.13) 

such that QWG(.Ylk=i^^(9) ^k) = 9, for all 9 G £e- Such a local chart is called a system of 
canonical coordinates (of the first kind) associated with the basis {Ci, • • • , Cn}- The local maps 
5 I— )• x^((7), . . . , (7 1— )• x"((7) defined in £e can be extended to suitable real functions 

Gb g^ x^{g) eR,...,GB g^ x"{g) G M, (2.14) 

^Recall that for ii,v £ M^{G) the convolution of ^ with v is the measure fi * v £ A4^{G) determined by 
dM * v{g) m = fa dM(fl) fa M^) figh), for aU / £ Q(G; R). 
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belonging to C^(G). We will call such a set of real functions a system of adapted coordinates 
(based at the identity e) for the Lie group G. 

Let U he a smooth unitary representatiorH of the Lie group G in a finite- dimensional Hilbert 
space Ti. Then, there is a unique representation ttu of the Lie algebra Lie(G) in T-L determined by 

UiexpciO) = V<e G Lie(G). (2.15) 

It is clear that 7rf/(Lie(G)) C iBK{'H), with il3R{T-l) denoting the finite-dimensional real vector 
space consisting of all skewadjoint operators in 71 (accordingly, the real vector space of selfadjoint 
operators in Ti will be denoted by Bk{'H)). We will adopt the following notation: 

Xi = 7ru{Ci),---,Xr, = MU- (2.16) 
Observe that the map G 3 g ^ Q^^ui^^ia) \-^"{9)M £ B{l-L) is a smooth function such that 

U{g) = e-v{s\g)i,+-+x^(a)^r.) ^ ^x\g) x,+-+x-{a)x^ ^ ^ (2.17) 

We will now recall a classical result about left-invariant Markovian semigroups (probability 
semigroups) [H [5]. Let S = {^i, . . . , be a basis in Lie(G). A Hunt junction associated with H 
is real- valued function on G that verifies the following conditions: it is a function ^ contained in 
BC°°(G), with < $ < 1, such that 

n 

^{g) = Y^x\gf, V5 e £:e, and cl>(5) = 1, V5 G C/Ce, (2.18) 

i=i 

where Ee is a relatively compact neighborhood of e, {Ee\ 9 ^ x^id), ■ ■ ■ ,£e ^ 9 '-^ x^{9)) a 
system of canonical coordinates (extendable to adapted coordinates denoted as in (|2.14p ) associated 
with the basis H and /Ce a compact neighborhood of the identity. A Levy measure is a Radon 
measure on G* satisfying 

/ $(g) dr/(5) < oo, (2.19) 

for any Hunt function ^. Let us denote by 3 the infinitesimal generator of a probability semigroup 
{*Pt}tgiR+ ill Co(G'). Then, the domain of the operator 3 contains the vector space C^(G), and there 
exist real numbers 6^, . . . , 6", a positive0 symmetric real matrix [a-*^] and a Levy measure r/ 
on G^ such that 

n n 

{3f){g) = Y,V {i,f){g) + J2 + i^f)(9), (2.20) 

j=l j,k=l 

for all / E C2(G), where: 

„ n 

{mf){g)= / [f{gh) - f{g) - Y,{^if)i9)x^{h))dv{h). (2.21) 

This result is the celebrated Levy-Kintchine formula. If {fJ't}t€R+ is the continuous convolution 
semigroup of measures that generates the probability semigroup {^t}t&R+y then the Levy measure 
ry is uniquely determined by the condition 

/ f{9) Mg) = lim t-' I f{g) dfitig), V/ G Q(a), (/(e) = 0). (2.22) 
Jg, '-I-o Jg 



^As is well known, a continuous homomorphism between Lie groups is necessarily smooth. Therefore, it would 
be enough to assume continuity in order to ensure smoothness. 

*In the following, by positive we will always mean positive semidefinite. 
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Conversely — given real numbers b^, . . . ,b"', a positive, symmetric real matrix [o'''''] and 
a Levy measure r] on — one can prove that there is a contraction semigroup {^t}tgK+ whose 
infinitesimal generator satisfies the Levy-Kintchine formula (j2.20p . Therefore, it is natural to 
call a set {ft'^, . . . , ft"; [o-''^] of the type just described a representation kit (this term is 

non-standard) of the contraction semigroup {^t}teR+- 

Remark 2.1 Since the Levy-Kintchine formula (|2.20p has been written for functions in C^(G) 

— that is perfectly fit for our purposes — we can use the standard Lie derivatives ^i, • • • ,Cn of 
functions on G instead of the 'uniform derivatives' (i.e., derivatives converging in the sup-norm, 
defined on suitable Banach spaces) , as it is usually done in more general contexts [U [5] . 

A probability semigroup {^t}t&R+ acting in Co(G) = Cq{G] M) can be extended to Co(G; C) 'by 
complexification' and the infinitesimal generator of this extended semigroup is the complexification 
of the generator 3 of {^t}tgK+ . With a slight abuse, we will still denote by J the complexified gen- 
erator, and the Levy-Kintchine formula (|2.20p will be understood to hold, in general, in Cc{G; C). 

It is convenient to classify convolution semigroups of measures on Lie groups according to the 
behavior of the associated Levy measures. We will say that {/it}j(=iR+ is of regular type if the 
associated Levy measure r] satisfies 

„ n 

/ ^|x^(5)| dr/(5) <oo. (2.23) 
JG, 

This condition does not depend on the choice of the adapted coordinates. Note that, if (j2.23p is 
verified, we have: 

{^f){g)= [ {figh)-f{g))dv{h)-j2{(jf)i9)f x\h) d^{h). (2.24) 

JG, J G, 

We will, moreover, single out a special class of convolution semigroups of measures of regular 
type. We will say that the convolution semigroup of measures {^J't}tm.+ is of the first kind if the 
associated Levy measure rj on is finite (hence, satisfies (I2.23p ). Otherwise, we will say that it 
is a convolution semigroup of measures of the second kind. Clearly, the convolution semigroups 
of measures of the second kind that are of nonregular type are characterized by Levy measures 
satisfying (j2.19p but not the more stringent condition (j2.23p . ■ 

Let ^ be a C*-algebra. We recall that a bounded linear map $ : Ais said to be completely 
positive if the map ^ ® I^: ^ — t- (8) C" — with /m denoting the identity operator in C'' — 
is positive for any M G N. As is well known, in the case where A = B(T-L) — the C*-algebra of 
all bounded linear maps in a separable complex Hilbert space H — and dim(^) = N < oo, $ is 
completely positive if and only if it is N-positive, i.e. $ ig) /n is positive. It is also known (see, e.g., 
ref. [31j) that the map <I> is N-positive if and only if, for every N-tuple {tpi, ■ ■ ■ , ipu} in Ti and every 
N-tuple {ii, . . . in Bin), 

N 

^ {i;„<^{A*A,)^|Jk)>0. (2.25) 
j,k=i 

3 The Brownian motion on 

The aim of this section is to recall that the statistical properties of 'standard' Brownian motion 

— i.e., the Brownian motion on the Euclidean space — can be expressed, in a natural way, in 
the language of one-parameter semigroups of probability measures (technically, the distributions 
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associated with the Wiener processes that are the mathematical formahzation of Brownian mo- 
tion |32j ) and of the associated Markovian semigroups. In this case {G = R"), it will be instructive 
to consider a slightly more general mathematical context with respect to the one considered in 
Sect. [2] for introducing the Levy-Kintchine formula (j2.20p . This will help the reader, in particular, 
to appreciate the role of the invariance with respect to translations in our discussion. We will 
essentially follow the approach of Nelson's classical book [33j . 

As is well known — see [M] — the evolution of the probability distribution of the position 
of a Brownian particle (in M", n > 1), suspended in a viscous, infinitely extended fiuid, can be 
regarded as the diffusion through the fluid of a unit mass initially concentrated in a point, let's say 
the origin of M". If the relevant properties of the fluid are assumed to be invariant with respect 
to translations and the external forces acting on the Brownian particle are constant (with respect 
to space and time) — a constant force field that causes a constant (average) drift velocity of a 
particle in the fluid [35] — then by translating in M" any solution of the equations governing the 
diffusion process one must obtain another solution. 

Let us formalize mathematically the diffusion process just described. We will start considering 
the simplest case: a single degree of freedom and no drift. Let us consider, then, a family of 
probability measures {/^t}jgR+ on M such that 

Ht* Us = fJ-t+s, t, sGM*, (3.1) 

where we recall that nt * fj.s is the convolution of the measure fit with the neasure fis- Suppose 
that, for all e > 0, 

M{y-\y\><^}) = o{t), tio. (3.2) 

Note that this assumption implies, in particular, that 

lim^j = 5 (weakly). (3.3) 

Hence — setting fiQ = 6 — {Ait}tgR+ is a continuous convolution semigroup of measures on M. 
Suppose, moreover, that the measure fit is invariant with respect to the transformation x i— )• —x 
{4^ no drift). Then, it follows that either fit = for all t G M"'" — there is no diffusion — or, for 
t > 0, /it is absolutely continuous with respect to the Lebesgue measure on M and 

d/it(2/) = Pt(y)dy = -^=i=e-(^'/^^*)dy, t > 0, (3.4) 

for some D > (diffusion constant). Thus, the Radon-Nikodym derivative pt of the measure fit 
with respect to the Lebesgue measure satisfles the diffusion equation 



^ pt{y) = pt{y), t > 0; (3.5) 



precisely, it is the fundamental solution of this equation. The translation-invariant semigroup 
(probability semigroup) {*Pt}t(=]R+ associated with the semigroup of probability measures {fJ't}t&R+ 
is given by 

{%f){x):= [ f{x + y)dfit{y)= [ f{y)pt{y-x)dy, /gCo(M), t>0, (% = /). (3.6) 

JR JR 

Clearly, for / > and t > 0, ^tf can be interpreted as the (expected) concentration, at the 
time t, oi a suspension of Brownian particles with initial (t = 0) concentration /. Note that one 
can extend, in a natural way, the domain of the operators in the semigroup {*Pt}tgiR+ to include 
linear superpositions with the constant functions in such a way to obtain a Markovian semigroup 
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in the Banach space C(M"') (M" = M" U oo). Obviously, this Markovian semigroup commutes with 
translations. 

Keeping in mind the 'elementary case' briefly sketched above, let us now consider a more general 
setting. We will focus on the implications of an assumption of the type (|3.2p . without assuming, 
at first, invariance with respect to translations. Then, let {^t}t6iR+ be a Markovian semigroup in 
the Banach space C(M"), and let 21 be the associated infinitesimal generator. Suppose that 

Dom(2t) D C2(M") (3.7) 

(a technical condition), and, for all x G R" and all e > 0, 

Pt;x{{ye^'':\y-x\>e})=o{t), tlO, (3.8) 

where {pt;x- t £ I^^i x G M"} is the family of probability measures determined by (j2.5p . with 
X = M". Then, one can prove that there are continuous real- valued functions a^^ and V on M", 
j, /c = 1, . . . , n, such that 

(2t/)(x) = j;6^(x)^/(x)+ J]a^'=(x)^-^/(x), V/ G C2(M"), Vx G M". (3.9) 

i=l j,k=l 

Moreover, for each x G M", the matrix is positive, i.e. 

n 

^ a^^{x)z*z^>{), Vzi,...,z„ G C. (3.10) 

hk=l 

As the matrix ['3^'''^(3^)] may be singular, the operator 21 is not necessarily elliptic. It is clear 
that, in the case where the Markovian semigroup {^t\teR+ commutes with translations, i.e. 

{^tf){x + {-)) = (it{f{x + {■))), /gC(M'^), xGM", (x + oo = oo), (3.11) 

we have that, for every x G M", 

{tttf){x)= f f{y)dpt.,{y)= f f{x + y)dpt{y), Pt ^ Pt;0. (3.12) 

Hence, the probability measure pt-x is the x-translate of pt. It is also clear that, in this case, in 
formula (j3.9p the functions a^^ and , j,k = 1, . . . ,n, must be constant. 

Let now {^t}teR+ be a Markovian semigroup in the Banach space C(M") that commutes with 
translations. It can be shown that the infinitesimal generator 21 of such a semigroup verifies 

Dom(2t) D C2(M"). (3.13) 

Therefore, in this case, condition (j3.7p is automatically satisfied. If, in addition, for all e > 0, 
Pti{y- \y\ > e}) = o(t) (pt ^ Pt;o)) for t I 0, then condition (|3.8p is satisfied too (as pt-x is the 
x-translate of pt), and equation (13. 9p holds, in this case with the real- valued functions a-^'^ and , 
j,k = 1, . . . ,n, that are actually constant (and the matrix [a-^'^] positive). We stress that, in 
the present paper, we are interested in the case where P((oo) = 0, for alH > ('no masses escaping 
to infinity'). 

Let {^j}tgK+ be a translation-invariant Markovian semigroup in Co(M"'), and let {fJ't}tGR+ be 
the continuous convolution semigroup of measures that generates this semigroup. Then, extending 
the measure /if to a probability measure pt on M" {pt{oo) = 0), one can define a Markovian 
semigroup {^t}teR+ C(M") that commutes with translations: 

{<ttf)ix):= f fix + y)dpt{y), / G C(M"). (3.14) 
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Assume, moreover, that {/it}tgK+ satisfies ()3.2p . so that condition (j3.8p is satisfied for the semigroup 
{^t}te'M.+ (s-s well as condition (j3.7p l. Being Co(K") an invariant subspace for the Markovian 
semigroup {^^t}tgK+, we can define the linear operator 3: Co(K'^) n Dom(2l) 3 / i— )■ 21/ G Co(K'^), 
which is precisely the infinitesimal generator of Thus, from our previous discussion it 

follows that 

M(-) = E^'5^/(-)+E«^'5^/(-)' V/Gq(M"), (3.15) 

j=l j,k=l 

for some real constants 6i, . . . ,6„ and a positive matrix It can be shown, moreover, 

that J is uniquely determined by (j3.15p . Clearly, the Levy-Kintchine formula outlined in Sect. [2] 
applies to translation-invariant Markovian semigroup {^t}tgiR+ (with G = M", of course), and 
the hypothesis that, for all e > 0, pt({y: |y| > e}) = o{t), for t I 0, implies that the Levy 
measure rj appearing in (|2.2ip is identically zero (as a consequence of relation (j2.22p ). Therefore, 
formula (j3.15p is coherent with the Levy-Kintchine formula (|2.20p (with D\ = 0). 

Finally, what we have recalled about the one-dimensional Brownian motion is easily recovered 
as a particular case. Let {*?5t}t6M+ be a translation-invariant Markovian semigroup in Co(M) 
such that the associated convolution semigroup of measures {fJ-t}t£R+ satisfies (|3.2p . Then, its 
infinitesimal generator 3 is uniquely determined by 

{3f){x) = b — f{x) + a — f{x), V/GC2(M), (3.16) 

for some a, 6 G M, a > 0. If a > 0, for every / G C(M), we have that 



m}tf){x)= f{y)pt{y-x)dy, t>0, (3.17) 
where P(.)(-) : x M — t- M is the well known fundamental solution of the drift-diffusion equationH 



d d d"^ 



Ptiy) = -b—ptiy) + a^ptiy), t>0, a>0, 6gM. (3.18) 



On the other hand, for a = we have a 'pure drift regime' and nt = 5bt (i-e., |^| is the modulus 
of the drift velocity). Suppose, now, that the semigroup {^t}t<=M+ commutes with the reflection 
X I—)- —X as well. Then, it follows that 6 = 0. Moreover, if a > (standard Brownian regime), the 
probability measure //j, for t > 0, is absolutely continuous with respect to the Lebesgue measure on 
M and the Radon-Nikodym derivative pt of nt with respect to this measure satisfies the diffusion 
equation (j3.5p . with D = a. Otherwise (a = 0), 21 = and = (5, for all t G M+. 



4 Twirling superoperators and twirling semigroups 

In Sects. [2] and [3l we have introduced the notion of left-invariant Markovian semigroup of operators 
in the Banach space Co(G), with G denoting a l.c.s.c. group, and we have illustrated this notion 
in the remarkable case where G = R". In this section, we will consider a class of semigroups of 
operators that is the central object of the paper. More precisely, we will deal with semigroups 
of 'superoperators' acting in Banach spaces of operators. The most evident link between the two 
mentioned classes of operator semigroups is given by the fact that both are defined by means of 
convolution semigroups of probability measures on groups. 

^Namely, pt{y) = exp(-(y - btf/4at), for t > 0. 
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For the sake of clarity, we will establish the following notation. Given a (separable complex) 
Hilbert space we will denote by i? a generic linear operator belonging to the Banach space 
B{T-L) of bounded operators in %. The symbols A, S will denote generic operators in Bi{'H) 
— the Banach space of trace class operators, endowed with the trace norm || • ||tr — and in 
the Hilbert-Schmidt space B2{H) (endowed with the norm || • ||jjg induced by the Hilbert-Schmidt 
scalar product), respectively. As is well known, Bi{H) and B2{'H) are two-sided ideals in B{Ti), and 
Bi{7i) C B2{'H). We will denote by C{7i), C'{H) the Banach spaces of bounded (super) operators 
in BiiJ-L) and B{T-l), respectively. 

Let G be a l.c.s.c. group, and let U he a projective representation of G in "H. The following 
facts will be very useful for our purposes. The map 

UVU: G ^U{B2{n)), (4.1) 

defined by 

UyU{g)S ■.= U{g)SU{gr, Vg^G, V5g^2(^), (4.2) 

is a strongly continuous unitary representation, even in the case where the representation U is 
genuinely projective; see [3^. Clearly, for every g £ G the unitary operator UVU (q) in B2{T-L) 
induces the Banach space isomorphism (a surjective isometry) Bi{T-L) 3 A U\'U (ci)A G Bi{T-L). 
Therefore, we can define the isometric representation 

UVU: G ^ Cin), U\JU{g)A:=U{g)AU{g)\ VgeG, Vi G ^i(?^), (4.3) 

and it is obvious that U\/U{g)A = UyU{g)A, for all A G BiCH) and g eG. 

Proposition 4.1 The isometric representation UVU of the l.c.s.c. group G in the Banach space 
Biil-L) is strongly continuous. 

Proof: Since G is a second countable (a fortiori, first countable) topological space, it is sufficient 
to show that UVU is sequentially continuous. Let {gn}n<=N be a sequence in G converging to g. 
Then, for every A G Bi{H), the sequences 

{C/V[/(<7„)i = f^(5n)i}„eN' {{UyU{gn)Ay = UyU{gn)A*}^^^, (4.4) 

converge to U\/U{g)A and U\/U{g)A*, respectively, with respect to the Hilbert-Schmidt norm 
(the unitary representation UyU is strongly continuous), hence, with respect to the strong oper- 
ator topology in B{T-L). Applying 'Griimm's convergence theorem' (see [37], Chapter 2), by this 
fact and by the fact that the representation C/VC/ is isometric, we find out that the sequence 
{U yU{gn)A\^^^ converges to U\/U{g)A with respect to the trace norm, as well. □ 

Next, observe that, for every B G B{'H), the map G 3 g ^ U{g)*BU{g) G B{%) is weakly 
continuous {{(j),U{g)* B U{g) ijj) = tr(^(C/ V?7(c/) |V')((/>|)) , for all 4>,^p G V.). Then, given a finite 
Borel measure fi on G, one can consider the bounded linear map T)^ : B{T-L) — B{l-L) defined by 

:= / d^(<7) U{gYBU{g), B G B{U), (4.5) 

J G 

where on the r.h.s. of ()4.5p a weak integral (i.e., an integral converging with respect to the weak 
operator topology in B{T-i)) is understood. In the case where /i is normalized {n{G) = 1; i.e., n is 
a probability measure), it is obvious that D^I = I and it is easy to check that the linear map 
is a contraction (i.e. its norm is not larger than one). From this point onwards, we will assume 
that fjL belongs to M^{G). 
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It is clear that the map is positive. One can prove, moreover, that it is completely positive. 
In fact, recalHng the necessary and sufficient condition (|2.25p . for every m € N the positivity of 
the function M : G M, 

m 

U{g):=Y,{^3^U{gyB*B^U{g)^k), g^G, (4.6) 
j,k=i 

for any m-tuple {tpi, . . . , ipm} in W and any m-tuple {B^, . . . , -B^} in BiT-L), imphes that 

m „ 

{i'j,^]l{B]B,)^k) = / d^(5) M{g) > 0. (4.7) 
j,k=i ■'(^ 

As is well known, the dual space of BiiJ-L) can be identified with B{H) via the pairing 

B{n) X BiiH) 3 iB,A) ^ tr{BA) B C. (4.8) 
One can show that the map is the adjoint of the linear map 6^ : Bi{n) Bi{n) defined by 

6^i:= /" dM5) (f/VC/(5)i), A(^Bi{n), (4.9) 
Jg 

where, again, a weak integral (weak operator topology in B{T-L)) is understood. Observe, in fact, 
that is a bounded operator (and A > =^ ^ 0); moreover, it is in the trace class and 

tr (6^i) =tr(i), ViGfii(-H). (4.10) 

This last assertion is verified assuming — without loss of generality, since A £ Bi{'H) can be 
expressed Imear combmation of four pos^ve trace class operators | namely, A = Ai — A2 + 
1(^3—^44) — that A is positive, and using the definition of the trace and the 'monotone convergence 
theorem' for permuting the possibly infinite sum (associated with the trace) with the integral on 
G. Next, one can verify that 

tr(5(6^i)) =tr((D^^)i), V A e Bi{n), V B e B{n). (4.11) 

To this aim, assume — again, without loss of generality — that A £ Biil-L) and B G B('H) are 
both positive. Then, given an orthonormal basis {V'ijiGA^ in C N), we have: 

tr(5(e^i)) =tr(5V2(e[fi)sV2) 

= Y,j Mg) {i^uB^'^U{g)AU{g)*B^I''^i). (4.12) 

At this point, since the integrand function on the r.h.s. of (j4.12p is positive, we can apply the 
'monotone convergence theorem' and permute the (possibly infinite) sum with the integral, thus 
getting 

tr(^(6^i)) = / d^l{g)iT{B^'^U{9)AU{grB^'^) 
Jg 

Mg) tT{A'/^U{grBU{g)A'/^) 

G 

I <l^^{g)Y,{i^uA^'^U{grBU{g)A^'^^l;l). (4.13) 
'''^ l&N 



®The positive operators Ai, . . . , A4, axe uniquely determined by the additional condition that AiA2=Q — A^A^. 
If this condition holds, then ||Ai — A2||tr ~ tr(yli) +tr(A2). 
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Eventually, we can again permute the sum with the integral and obtain relation ()4.1ip . Note that 
the first line of (|4.13|) implies that coincides with the weak integral — i.e., the integral with 
respect to the weak topology of bounded operators in Bi{7i) — Jq d/i(flf) UVU{g). Also note that, 
since is a contraction in B{'H), &^ is a contraction in Bi{'H)] indeed: 

||6^i||tr = sup{|tr(S(©[fi))|: BeB{n), \\B\\ = l] 
= sup{|tr((D[f^)i)|: B G B{n), \\B\\ = l] 

< ||i||trSup{||D^^||: \\B\\ = l] <\\A\\tr, (4.14) 

for all A G Bi{n). 

We can summarize our previous discussion by stating the following result. 

Proposition 4.2 For every projective representation U of a l.c.s.c. group G inl-L and for every 
probability measure /U on G, the bounded linear map Bi{T-L) — )■ Bi{'H) defined by is a 

contraction, and it is positive and trace-preserving. Moreover, we have the formula 

©^= / d//(5) UyU{g), (4.15) 
Jg 

where the integral holds in the weak sense. The bounded linear map : B{'H) — )• B{'H) defined 
by ( (^.5[ ) is the adjoint of &^ . It is a completely positive map. 

Remark 4.1 Suppose that the Hilbert space of the representation U is finite-dimensional. Then, 
for every probability measure fi on G, ©^ is a completely positive, trace-preserving linear map 
which is also unital, i.e., such that = I. Therefore, it is a bistochastic (or 'doubly stochastic') 
linear map |21j . Clearly, the bistochastic linear maps in C{H) form a convex set. The determination 
of the extreme points of this convex set is an interesting problem [38]. From the physicist's 
point of view, these maps are characterized by the property of leaving the maximally mixed state 
invariant. ■ 

In the case where G is a unitary group (U(n) or SU(n)), is the Haar measure on G (normalized 
in such a way that /i(G)=l) and U is the defining representation of G, we have that ©|f is the 
'standard' twirling superoperator (in B{C"')). Therefore, in the general case, it is quite natural 
to extend this terminology and call ©^ the {U., n) -twirling superoperator; the map D|f will be 
called, accordingly, the dual (U, fi) -twirling superoperator. Since any convex combination of two 
probability measures on G is again a probability measure, the following result holds. 

Proposition 4.3 For every projective representation U of G in T-L, the subsets : ^G7W^(G)}, 
{D^ : neM\G)} of the Banach spaces C{'H) and C'(7i), respectively, are convex. 

Remark 4.2 It is worth observing that in definition ()4.9p of the twirling superoperator one may 
replace the weak integral with a Bochner integral (relative to the Banach space BiiT-L)). 

It is also an interesting fact that a probability measure ^ on G allows us to define a bounded 
linear map &^ : B2{%) — )■ B2{'H) along the scheme already outlined for the maps and i.e., 

6]iS:= [ dfi{g) {imJig)S), S G B2{n), (4.16) 
Jg 

where, once again, one can show that the map ©^ is well defined (with the integral on the r.h.s. 
of (j4.16|) regarded, equivalently, as a weak or as a Bochner integral). Indeed, observe that, for 
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every S G B2(T-L), we have: 

0<Y. [ df,{g) j d^ih) {^uU{g)S*U{grU{h)SU{hr^, 



< 



leAf 



G JG 



/ Mg) / Mh) m,U{g)S*U{gYU{h)SU{hYi,i)\ 



dfi{g) / Mh)Y,\{i'uU{g)S*U{grU{h)SU{hri,i)\ 



< 



< / d/.(<7) / df,ih)\\Uig)S*U{grUih)SUihr\\tr<\\S\\i,. (4.17) 
Jg Jg 

The previous argument also shows that is a contraction. It is clear, moreover, that the map 
can be regarded as the restriction to the trace class operators of the map ©^. ■ 



From definition ()4.9p it is clear that the map 

M\G) 3 fi^G]i £ DM (n) (4.18) 

is a homomorphism of the semigroup Ai^{G) — with respect to convolution — into the semigroup 
DM (7^) — with respect to composition — of (quantum) dynamical maps in Bi{'H), namely, of 
the semigroup consisting of all positive, trace-preserving, bounded linear maps in 13i{7i), whose 
adjoints (acting in the Banach space B{'H)) are completely positive [Uj. This observation leads us 
to consider an interesting class of continuous one-parameter semigroups of superoperators. 

Indeed — given a continuous one-parameter convolution semigroup {lJit}t£M.+ C ^A^{G) of 
(probability) measures on G and a projective representation U G in T-L — for every t > 0, we 
can as above define the (C/, /i()-twirling superoperator 

6t = ©1^, : Bi{n) ^ Bi{n), t > 0, (©0 = /). (4.19) 

The fact that {©t}tg]K+ enjoys the one-parameter semigroup property is a consequence of the fact 
that {nt}teR+ is a convolution semigroup and the map ()4.18p is a homomorphism. Moreover, the 
semigroup {&t}teR+ is strongly right continuous at t = 0. This is a consequence of the continuity of 
{/^t}teiR+ °f Proposition HTTl Actually, as recalled in Sect. [21 it suffices to prove the weak right 
continuity at t = of the semigroup {©i}fgiR+- To this aim, observe that, for every A £ Bi{H) 
and B G B{7i), the function 

G3 g^tT{B{UVU{g)A)) (4.20) 
is continuous (equivalently, the representation C/Vt/ is weakly continuous). Also note that 

\tv{B{UVU{g)A)) -tr(^i)| < ||^ (?7 V[/(c/)i) ||tr + \\BA\\tr < 2\\B\\ ||i||tr, (4.21) 

for all g £ G. Therefore, the function 

Gb g^ \tr{B{UVU{g)A)) -tr{BA) \ EM (4.22) 

is bounded and continuous. At this point, we can exploit the fact that lim^io l^t = ^ (weakly). By 
this relation, since 



\ti{B{GtA)) -iT{BA)\ = I / d^xt{g) {iT[B{UyU{g)A)) -ti{BA) 

< / d/xt(g) |tr(S(C/VC/(5)i)) -tr(5i)|, (4.23) 
Jg 
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we conclude that 

lim \ti{B{etA)) - tr(i?i) | = 0, Vi G Bi{n), Vi? G Bin). (4.24) 

This completes the proof of the continuity of the one-parameter semigroup {6t}(giR+. 

At this point, recalling that a quantum dynamical semigroup [T3] in Bi(T-L) is a (strongly) 
continuous one-parameter semigroup of quantum dynamical maps in Bi{'H), we can resume our 
preceding discussion stating the following result. 

Proposition 4.4 The contraction semigroup {&t- Bi{'H) — ?■ Bi{'H)}t^^+ is a quantum dynamical 
semigroup. 

Remark 4.3 Recalling Remark 14. we have that — in the case where the Hilbert space of the 
representation U is finite-dimensional — the dynamical semigroup {©t}tgM+ is a bistochastic dy- 
namical semigroup. A complete characterization of the twirling semigroups associated with finite- 
dimensional representations of Lie groups will be provided in Sect. [5j ■ 

Remark 4.4 The contraction (3^ defined by ()4.16p allows us to define, for every continuous 
convolution semigroup {/it}tgiR+ of probability measures on G, a contraction semigroup {<3t}jg]g+ 
in the Hilbert space B2{T-L), i.e. 

&t = 6'^^:B2{n)^B2{n). (4.25) 

The fact that w-lim^j^o &t = I can be proved by means of a procedure analogous to that adopted 
for the semigroup {©t}tGR+- * 

In the following, we will call {©t}jgK+ the twirling semigroup associated with (or induced by) 
the pair ([/, {/it}tgM+). We stress that, in general, a twirling semigroup will be induced by different 
pairs of the type (projective representation, convolution semigroup of measures). 

5 Brownian motion on Lie groups and open quantum systems 

In this section, we will study the twirling semigroups of operators induced by representations of 
Lie groups. This is a particularly interesting case because the differential structure of a Lie group 
allows us to obtain a characterization of the infinitesimal generators of the associated twirling 
semigroups. The main technical tool will be the Levy-Kintchine formula (j2.20p . In order to avoid 
all mathematical intricacies related to infinite-dimensional Hilbert spaces, we will consider the case 
where the group representations involved are finite-dimensional, case which is relevant, for instance, 
in applications to quantum computation |18j. The general case will be considered elsewhere. 

Thus, in the following we will deal with a smooth, finite-dimensional unitary representation U 
of a Lie group G (of dimension n) in a N-dimensional (complex) Hilbert space %. It is clear that, in 
this case, B{rL) = Bi{n) = B2{n) and C{n) = C'{n). Since ah norms in B{n) (or C{n)) induce 
the same topology (as H is finite-dimensional), all our statements involving topological properties 
oi BiT-L) (or C{J-L)) — convergence, continuity, compactness et cetera — are to be understood as 
referred to this topology. We will denote, as usual, by hl{'H) the unitary group of %, endowed 
with the topology inherited from B{T-L); it is well known that hl{%) is compact with respect to this 
topology. Let us fix once and for all a basis {^i, . . . , ^n} in the Lie algebra Lie(G) and a system of 
adapted coordinates {g ^ x^{g), ■ ■ ■ ,9 ^ x'^id)} based at the identity. We will use the notations 
adopted in Sect. El usually with no further explanation. 
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Remark 5.1 We will repeatedly use the following fact. Let f : G ^ ^(^) ^ bounded continuous 
function. Then, for every probability measure /i on G, ^[f) := f{g) dij,{g) belongs to the closure 
of the convex hull co(/(G)) C Indeed, observe that G is (homeomorphic to) a separable 

metric space. Then, there exists a sequence {^m}mGN of finitely supported probability measures 
on G weakly converging to /i (see [39], chapter 2, Theorem 6.3). Hence, Hm{f) £ co(/(G)) and 
//(/) = lim (/) G co(/(G)). ■ 

We have observed in Sect. H] that a twirling superoperator is a bistochastic linear map, see 
Remark 14.11 We will now show that, actually, it belongs to a special class of bistochastic maps, 
namely, the class of 'random unitary maps'. 

Definition 5.1 A quantum dynamical map il: B{l-L) — t- B{T-L) is said to he a random unitary map 
if it admits a decomposition of the form 

M 

iXA = Y,PkVkAV^, A^GN, (5.1) 
fc=i 

where {V^ }'k=i ^ -^^^ ^/ unitary operators in % and {pk]'k=i '^t ^■^ ^ probability distribution; 
i.e., if it is a convex combination of unitary transformations. The cardinality card(il) of a random 
unitary map il is the minimum number of terms required in a decomposition of ii of the type i5.1\) . 

Observe that the random unitary maps acting in BiT-L) form a semigroup DMru('H) contained in 
the semigroup of quantum dynamical maps DM{T-L). It is natural to consider the nonzero positive 
integer c(N) defined as follows: 

c(N) :=sup{card(il) G N: il G DMru(?^)}, N = dim(?^). (5.2) 

Since a random unitary map sends the subspace, formed by the traceless operators, of the real 
vector space B^iT-l) (of selfadjoint operators in T-l) into itself, applying Caratheodory theorem one 
finds the estimate c(N) < (n^ — l)^ + 1 = N'^ — 2N^ + 2. This estimate is not tight. For instance, 
in the case where N = 2, it is known that all bistochastic maps (hence, all random unitary maps) 
are 'Pauli channels' [21]; thus, c(2) = 4. To the best of our knowledge, the generic integer c(N) is 
unknown, but stricter bounds for the cardinality of a random unitary map can be provided and it 
turns out that c(N) < [30]. 

Consider, now, a subgroup V of the group UiJ-L). The closure V of V is a subgroup oiU{'H), as 
well. Denote by DMru(V) the subset of DMru(^) formed by those superoperators of the form (j5.ip 
with the set of unitary operators {Vf, j^^^ contained in V. Clearly, DMru('H) = DMru(ZY('H)), and 
DMru(V) is a subsemigroup of DMru('H). It is clear that, defining 

WV := {V {■)¥*£ Cin): V eV}, (5.3) 

the semigroup DMru(V) is nothing but the convex hull of the set VW: 

DMru(V) = co(VVV). (5.4) 

Lemma 5.1 For every subgroup V ofU(T-L), the semigroup DMru(V) is a compact convex subset 
of C{T-L) that coincides with the set DMru(V). Thus, in particular, the semigroup DMru(?^) is a 
compact convex subset of C{J-L). 

Proof: Note that the map 

u{n) 3 V ^ V cin) (5.5) 
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is continuous. Hence, the image, through this map, of the closed subgroup V oiU{Ti) — i.e. VV V — 
is a compact subset /C of C{l-L). Recah that, in a finite-dimensional (real or complex) vector space, 
the convex hull of a compact set of is compact, and the closure of the convex hull of a bounded set 
coincides with the convex hull of the closure of this set. Then, DMru(V) = co(VVV) is a compact 
subset of C{n). Moreover, co(VVV) coincides with the closure co(VVV) = DMru(V) of co(V VV). 
Indeed, VV V = VVV (as the map is continuous, VV V C VVV, and VV V = VV V D VVV); 
hence: co(VVV) = co(VVV) = co(VVV). □ 

Definition 5.2 A random unitary semigroup acting in Biji) is a quantum dynamical semigroup 
taking values in the semigroup DMru('H). 

Proposition 5.1 Every twirling superoperator in B{T-L) is a random unitary map. Therefore, 
every twirling semigroup acting in BiTi.) is a random unitary semigroup. 

Proof: The expression (j4.15p of a twirling superoperator involves an integral that, in the case 
where % is finite-dimensional, can be considered to be defined with respect to the topology of 
C{l-L). Thus, taking into account Remark 15. H from Lemma |5. II the statement follows. □ 

A quantum dynamical semigroup {£}t : B{J-i) — )• B{'H)}t(zT^+ is completely characterized by its 
(in this case, of course, bounded) infinitesimal generator £: 

£ = limt~V£lt-/). (5.6) 

According to the Gorini-Kossakowski-Lindblad-Sudarshan classification theorem [121 I13j . £ has 
the general form 

£i = -i[i7,i] +ji-l((r/)i + i(r/)), (5.7) 

where if is a trace-less selfadjoint operator in 7^, J: B{'H) — )• B{'H) a completely positive map and 
^* its adjoint with respect to the Hilbert-Schmidt scalar product in B{H). 

Remark 5.2 As is well known [21], a completely positive map ^: B{T-L) — )■ B{'H) can be expressed 
in the Kraus-Stinespring-Sudarshan canonical form: 

Si{A)=Y,lkK,Akl, 7fc>0, AeB{n), (5.8) 

k=l 

where , . . . , Kj^2 are linear operators in T-L such that 

{kj,K,)ns:=tT{k*K,)=6,k, j,k = l,...,n^. (5.9) 

However, it can be easily shown that the completely positive map in formula (|5.7p can be 
assumed, without loss of generality, to be of the form 

n2-i / n2-1 \ 

dA=^^kF,AF^, 7fc>0, id*A=Y,lkF^AFA , (5.10) 

k=l \ k=l J 

where the — 1 linear operators F-^^, . . . , F^2_i form an orthonormal basis — with respect to the 
Hilbert-Schmidt scalar product (•,-)hs — in the orthogonal complement of the one-dimensional 
subspace of B(7i) generated by the identity operator (thus, they are trace-less). In this way, 
formula (j5.7p gives the so-called 'diagonal form' [11] of the infinitesimal generator £. □ 
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Later on, we will prove a generalization of a classical result of Kiimmerer and Maassen |17j : 
see Theorem 15.11 below. As a first step, from ref. [17] we can extract some useful information on 
random unitary semigroups. Given a subgroup V of the group l/((T-L), we will denote by C(V) the 
closure of the convex cone in C{T-L) generated by the set VVV — /; namely, 

C(V) := co-cone {{{V {■)¥*- I) € C(n): VeV}). (5.11) 

In particular, we will adopt the shorthand notation C('H) = C{U{'H)). 

Proposition 5.2 The following facts are equivalent. 

(a) The quantum dynamical semigroup {£2i : B{'H) — )• B{T-L)}f^^+ is a random unitary semigroup. 

(b) The infinitesimal generator of the quantum dynamical semigroup {Qt- B{'H) — t- B{'H)} 
belongs to the closed convex cone C{'H). 

(c) The infinitesimal generator £ of the quantum dynamical semigroup {Qt ■ B(T-L) — )• B(T-L)} 
is of the form (5.7), with the completely positive map ^: B((H) — t- B{TL) of the form 

K 

^A = Y,EkAEk + io^A, E,,eBuin), 70 > 0, iieDKu{n), (5.12) 

k=l 

for allAe B{n). 

(d) The infinitesimal generator £ of the quantum dynamical semigroup {Qt- B(7i) —J- B{'H)}t^^+ 
is of the form 

n2-i 

ilA = -i[H,A] + J]7,.(L,iL,--(L2i + iLf,)) + 7o(il-/)i, AgBCH), (5.13) 

k=l 

where H is a trace-less selfadjoint operator, L^, . . . , L^2_i are trace-less selfadjoint operators 
such that 

(Lj.,Lfc>HS = 5jfc, j,fc = l,...,N2-l, (5.14) 
ii is a random unitary map acting in B{'H) and 70, . . . ,7n2_i are non-negative numbers. 

Proof: The equivalence of (a), (b) and (c) is proved in {17j (see Theorem 1.1.1.; here we have only 
adapted terminology and results to our context). The equivalence of (c) and (d) is straightforward. 
Hint: in order to get (d) from (c), expand the selfadjoint operators {Ep.}^^-^ — -^fc = Z]?=o^ CkiF^ 
— with respect to an orthonormal basis {^^jf^Q^ in B^.i'H) ((Fj,F^)hs = ^ji), with Fq = /; 

then, diagonalize the positive real matrix [Kim]^m=i^ where = Yl^=i '^ki Ckrm by means of an 
orthogonal transformation, and next use the orthogonal matrix involved in this transformation for 
defining a new orthonormal basis in the subspace of Bm.(T-1) formed by the traceless operators. □ 
For reasons that will be clear later on, it is convenient to single out a special class of random 
unitary semigroups, namely, the Gaussian dynamical semigroups. 

Definition 5.3 We will say that a quantum dynamical semigroup {£lt}teR+ (acting in Bili.) is a 
Gaussian dynamical semigroup if its infinitesimal generator can be expressed in the form 

&A = -i[H,A] + Y^^^[f^AF^ - -{FlA + AFl)), (5.15) 

k=l 

where H is a trace-less selfadjoint operator, F^,. . . ,F^2_i o-re trace-less selfadjoint operators sat- 
isfying ^5.14^ and 

71 > 0, ...,7n2-i > 0, 7172 • • -TNa-i / 0. (5.16) 
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Otherwise stated, the infinitesimal generator £ of formula ()5.7p gives rise to a Gaussian dynamical 
semigroup if the completely positive map ^ admits a decomposition of the form (|5.1U|) where 
the linear operators F-^^, . . . , Fj^2_i are — in addition to the previously mentioned assumptions — 
selfadjoint, and there is at least a nonzero number in the set {71, . . . ,7fj2_i}. Note that, according 
to Proposition 15.21 every Gaussian dynamical semigroup is a random unitary semigroup. We will 
show, moreover, that every Gaussian dynamical semigroup arises in a natural way as a twirling 
semigroup associated with a convolution semigroup of measures of a certain type, namely, with a 
'Gaussian semigroup of measures'. 

In order to define such a class of convolution semigroups of measures, let us consider the 
following set of probability measures on the Lie group G: 

ViG):={5g: gGG}cM\G); (5.17) 

i.e., T)[G) is the set of all Dirac measures on G. 

Definition 5.4 A continuous convolution semigroup of measures {Ait}fgR+ — such that, fort > 0, 
fit £ M^{G) \ 'D{G) — is called a Gaussian (convolution) semigroup of measures if 

limt-Vt(Cfe) = 0, (5.18) 
for every Borel neighborhood of the identity in G. 

The previous definition is originally due to Courrege [H] and Siebert [42] . Gaussian semigroups of 
measures on G describe the statistical properties of Brownian motion on G [5] . We have already 
encountered condition ()5.18p — see ()3.2p — in the case where G = M". Thus, the reader should 
be familiar with its consequences. In general, it is a well known fact — see [5] — that, given a 
Gaussian semigroup of measures {lit}t&R+ on G, for every t G M+ the measure has support 
contained in the connected component with the identity of G: supp(/Uj) C Gg. Therefore, in 
the following we can assume without loss of generality that — as far as a Gaussian semigroup of 
measures is concerned — the group G is connected. It is a remarkable result — see, again, [5] 
— the representation kit , a-'*', ^=1 of a continuous convolution semigroup of measures on G 
corresponds to a Gaussian semigroup of measures if and only if 

r? = and [a^'^];,^, ^ 0. (5.19) 

This result implies, in particular, that Gaussian semigroups of measures do exist; precisely, one 
for each set where [a^^Yj^^^-^ is a non-zero positive matrix. Note, moreover, that the 

Levy-Kintchine formula (I2.20p holds, in this case, with *H = 0, i.e. 

n n 

{2f){g) = Y.V {i,f){g) + ^ fe6/)(5), / G ^liG). (5.20) 

3=1 j,k=l 

Note, moreover, that Gaussian semigroups of measures on G form a special class among the 
convolution semigroups of measures of the first kind on G (see Sect. [2]). 

At this point, in order to get to the main result of this section (Theorem 15.11 below), we 
need to pass through four technical lemmas. We will denote by {/it}jgiR+ an arbitrary continuous 
convolution semigroup of measures on G, with representation kit {6^ , a^'^, r]}^j^^i, and by S.[U, {fit}) 
the infinitesimal generator of the twirling semigroup associated with the pair {U,{fit}teR+)- 

Lemma 5.2 Let ip: G ^ C be a bounded Borel function, which vanishes on a Borel neighborhood 
of the identity of G. Then, for every sequence {Tm}mGN in converging to zero, there is a 
subsequence {tk = TmfclfceN such that the limit 

hm i / ^{g)dfitM (5.21) 

fc-)-oo tk Jg 

exists in C. 
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Proof: According to a well known result — see [5], Lemma 4.1.4 — for every Borel neighborhood 
of the identity Ee in G, we have: 

sup t~Vt(C'fe) < oo. (5.22) 

tGKt 

Thus, if 99: G — )• C is a bounded Borel function vanishing on E^^ we have: 



sup t ^ 



G 



fig) dfj-tig) 



< sup t W \<f{g)\ dfitig) < sup\ip{g)\ sup t ^fit{^£e) < 00. (5.23) 



Now, take any sequence {rm}meN hi M+ converging to zero. Relation (j5.23p implies that 

1 



sup — 



G 



< 00. 



(5.24) 



Then, by Bolzano- Weierstrass theorem, there is a subsequence {tk = Tm^}k£N C M+ of {Tm}meN 
such that the limit (I5.2ip exists in C. The proof is complete. □ 

The previous lemma will allow us to prove the following result, which will be fundamental for our 
purposes. 



Lemma 5.3 If f ■ G — )• C is a bounded smooth function such that the limit 

fig) dfitig) - fie) 

exists in C, then this limit is equal to 



lim — 

40 t 



(5.25) 



n n „ n 

fe/)(e) + J2 + / {fia) - m - E ^'ig))Mg)- (5-26) 

j=i j,k=i j=i 

Therefore, in the case where the convolution semigroup of measures {nt\t£W+ of the first kind 
(i.e., the associated Levy measure rj on G* is finite), the limit Ii5.25\) — if it exists — is given by 

n n „ 

E(^ +^Mfe/)(^) + E «''fee./)(e)+ / fig)dr,ig)-viG.)fie), (5.27) 
j=i j,k=i 



where: 



c'i'q) :-- 



x^ig)dr]ig), j = l,...,n. 



(5.28) 



Proof: Since G (being locally compact and second countable) is cr-compact, there exists a sequence 
{/3m}mgN of non-negative smooth functions on G characterized as follows: 

L for every m G N, /3m belongs to C;?°(G;IR) and /3„(G) C [0, 1]; 

2. there is a sequence {/CJ^jmeN of precompact open subsets of G such that 

e e JCl, JCl C JC2 C ■■■ , W^^i /C^ = G, 

/3mig) = 1, V5 G /Cm, 
where /C^ is the closure of the set )C^: K,^ = IC^; we can assume that 

/C° D supp (x^) U . . . U supp ix"-) ; 



(5.29) 
(5.30) 

(5.31) 
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3. there is a sequence {0^}meN of precompact open subsets of G such that, for every m G N, 

Om ^ (5-32) 

and 

/3m(5)=0, ygeZO^. (5.33) 

In fact, as G is cr-compact, there exist sequences {/C^jmeN, {^mlmeN of precompact open subsets 
of G satisfying (j5.29p and (I5.32p . respectively; relation (j5.3ip can always be satisfied by the com- 
pactness of the supports of the adapted coordinates. Next, by a standard procedure in the theory 
of smooth manifolds one constructs suitable 'bump functions' {/3m}meN, contained in C^(G;M), 
satisfying (ICTjl and (fOHD . 

By the existence of the limit (j5.25p . applying Lemma 15.21 to the bounded smooth function 
/(I — /3i) (which vanishes on the compact neighborhood IC^ of e), for some sequence {ifejfcgN in 
R;^ converging to zero we have: 

limi( / f{g)df,t{g)-f{e)) = hm 1( [ f{g)df,t,{g)-m) 
m t \Jq J fc^oo tk\ Jq J 

= hm 1( / f{g)P,{g) d^i,(5) - /(e)) 

+ hm i \ f{g) (1 - (3,ig)) di^t.ig), (5.34) 

where, since the function //3i belongs to C^(G; C) and /3i(e) = 1, the first limit in the last member 
of (15.34P exists and is equal to (■3(//3i))(e), with 5 denoting the generator of the probability 
semigroup associated with {fit}t&R+- We stress that the sequence {tfcjfceN can be extracted, as 
a subsequence, from any sequence of strictly positive numbers converging to zero. Thus, we find 
that 

limV [ /(9)d/.t(<7)-/(e)) = (a(//3i))(e)+ hm i [ f{g){l-l3M)dfitM, (5-35) 
40 t \Jg ' k^oo tk Jg 

where, by virtue of the Levy-Kintchine formula applied to the function f/3i G C^(G; C) (note that 
{fPi){9) = fia), ioT g £ ICl), we can write 

n n 

(5(//3i))(e) = E «''fee./)(e) 

i=i j,fc=i 

„ n 

+ / ((//3i)(5)-/(e)-^fe/)(e)x^(<7))d7?(5). (5.36) 
Jg, 

At this point, in order to evaluate the last term in (I5.36p . it will be convenient to set 

¥'1,1(5) = f{9) f3i{g), and, for m G N, m > 2, (5.37) 

¥'1,1(5') = fmAg) + ^771,2(9), 'fm,i{g) ■■= f{g)l3m{g), Vm,2{g) ■■= f{g){Pi{g) - Mg))- 

Clearly, the functions {<^m,i}m>i belong to C^(G;C). It is easy to check that the functions 
Wm,2}m>2 belong to C^(G;C), as well. Indeed, they are obviously smooth and 

supp(/3i -/3^) c C/Ci n {o^ u a^) c C^n (o^ u o^) = C^n {o'^uo^). (5.38) 
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Thus, the set supp(/3i — /3m) is compact in G. Note that, as it does not contain the identity, 
it is a compact set in G*, as weh; hence: {tpm,2}m>2 C C^(G*;C). This fact allows us to use 
formula (j2.22p in such a way to decompose the last term in (|5.36p as follows: 

„ n „ n 

/ (^1,1(5) - /(e) - ^ fc/)(e)x^(5))d7?(5) = / ((^m,i(5)-/(e)-5]fc/)(e)x^(5))d7?(5) 

ipm,2ig) dfit^ig) = m:, m> 2.(5.39) 



+ lim - 

t}^ J Q 



Note that the number x does not depend on the index m. At this point, considering the last term 
in ()5.35p . for every m > 2 we have: 

x+ hmi/" f{g){l-|5M)'^^^tM= I (v^,n,i(5)-/(e)-X;fe/)(e)^'(5))dr?(5) 

+ hm 1 / f{g) (1 - /3„(5)) d^t,(5)- (5.40) 

fc-s>oo tk Jg 

The r.h.s. of relation ()5.40p can be regarded as the (constant) sum of two sequences labeled by 
the index m. Therefore, if one of the two sequences is converging, the other one must converge 
too. Let us prove that the limit 



lim 

m^oo 



G, 



^,i(5)-/(e)-X^fe/)(e)x^(5))dr?(5) 



exists and is equal to 



n 

/(5)-/(e)-j;fe/)(e)x^(5))dr?(ff). 



(5.41) 



(5.42) 



Indeed — observing that, by (|5.3ip . x^{g) = x^{g) (3m,{g), and denoting by xc/c the characteristic 
function of the set C/C^ — we can write the estimate 



¥^^,1(5) - /(e) - E ^'(9) = fig) Pmig) - fie) - (e./)(e) id) 

i=i j=i 



< 



fig)-fie)-Y.i^^f)(^)^'(9) Pmig) 

+ |/(e)|(l-/3„(g)) 



< 



fig) - fie) - ^'(5) + l/(e)l XC;c>)> (5-43) 



for all m G N and g G G. Therefore, since xzk — XCk. ' that 



PmA9)-fie)-Yi^jf)i^)^'i9) < /(5)-/(e)-Efe/)(^)^'(5) + 1/(^)1 XCyc,(5)- (5-44) 

The expression on the r.h.s. of (j5.44p defines a function contained in L^(G*, ry; C). Therefore, since 
liuifn^oo l^mig) = Ij foi" all 5 G G, by the 'dominated convergence theorem' the limit (j5.4ip exists 
and is equal to (j5.42p . as claimed. 

Let us resume what we have obtained up to this point. By relations (j5.35p . (j5.36p . (j5.39p 
and ()5.40p . and by the fact that the limit ()5.4ip is equal to (|5.42p . we conclude that the existence 
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of the limit ()5.25p . for a bounded smooth function / : G — t- C, imphes that this hmit must coincide 
with 

n n „ n 

j=i j,k=i j=i 



+ hm hm i / f{g){l-(3M)dfitM, (5-45) 



for some sequence {t^lfceN in converging to zero that can be extracted, as a subsequence, from 
any sequence of strictly positive numbers converging to zero. Note that the iterated limit above 
must exist (as the first member of (|5.40p does not depend on m and the limit (j5.4ip exists). 
We now apply this result to the function / = 1. Then, we find immediately that 



lim lim — / {1 - (3m{g)) dfJ-Tkig) = 0, 



(5.46) 



for some sequence {ta;}a:gn in converging to zero. 

Finally, considering again an arbitrary bounded smooth function / on G for which the limit (I5.25P 
exists, extract from {r^lfegN a subsequence {tfcj/ceN such that this limit coincides with (j5.45p . 
From (I5.46P — observing that the inequality 



f{9){l-M9)) dfitda) 



G 



< 



sup / (1 -/3m (5)) d^tfc(S') 
G 



(5.47) 



implies 

lim lim ^ [ f{g) {1 - /3m(.g)) dfUkid) 

1^00 fe— >-00 tk J Q 



lim lim — 



G 



fig){l-f3M) dfitda) 



< 



sup 



lim hm i / {1 - Pm{g)) dfxtM (5.48) 



— we conclude that the last term in ()5.45p vanishes and the proof is complete. □ 
The next lemma will lead us very close to the main result of this section. 

Lemma 5.4 With the previous notations and assumptions, for every operator A £ BiT-L), the 
following relation holds: 

1 



£(C/,{/za)A = hm- / d^it{9) U{g)AU{gY-A 

iiO t \ Jq 



Y^V [Xj,A] + a^^ {{X,Xk,A} - 2X,AXk) 



3=1 



j,k=i 



„ n 

+ / (uig)AUigr-A-Y^'i9)[Xj,A\)drjig) = A', (5.49) 
Jg. j=i 

where {•, •} is the anti- commutator and the set {Xi, . . . ,Xn} C iSiR(?^) is the n-tuple of operators 
defined by \2.16\) . Suppose, in particular, that {^^t]teM+ a convolution semigroup of measures of 
the first kind. Then, for every A S B{T-L), we have: 

^l^-A M{g) U{g)AU{gr-A) = (ft^' + c^^r/)) [X,,A] + ^ a^\{XjXk, A] - 2Xj AX^) 



+ r?(G.)(it[;-/)A 



(5.50) 
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where {c^ (^/)}j=i are real numbers defined by Ii5.28\) . and ii^ : B{%) — >• B{%) is identically zero for 
T] = and a random unitary map for rj ^ 0, with 



ii'^ = r]{G,)-' f dr]{g)UVU{g), r? / 0. (5.51) 



Proof: It is sufficient to sfiow tfiat 

(0, (£([/, {fit}) A) = lim i ( / dfitig) {4>, U{g)AU{g)*^) - i V)) = i'^), (5.52) 

for arbitrary A £ B{'H) and &T-L^ where A' is the shorthand notation introduced in (|5.49p . To 
this aim, since the limit in (j5.52|) exists, we can apply Lemma [5.31 to the bounded smooth function 
/: G^C defined by 

f{g):={(t>.U{g)AU{gr^). (5.53) 

Using the notation introduced in Sect. [21 there exists a neighborhood of the identity 8^ in G such 
that 

U{g)=Q^'^9)X^+-+x--{g)X„^ V^S^e- (5.54) 

Therefore, we have that 

ij{<^,U{g)AU{gr^) = (0, [X,-, i] V"), (5.55) 

g=e 

ik (0, U{g) A UigYiP) = (X, XkA + AX^ Xj - X, AXt-XkA Xj) ^> . (5.56) 

g=e 

Now, exploiting formula (|5.26p and the fact that the matrix [a-''^]"^—]^ is symmetric, we obtain 
immediately relation ()5.52p . □ 

The last technical lemma will establish a useful link between the generator of the twirling semigroup 
associated with the pair (U, {/^t}tgK+) — with {/it}teM+ denoting a generic continuous convolution 
semigroup of measures on G — and the convolution semigroups of measures on G of the first kind. 

Lemma 5.5 There exists a sequence {{fit-.m] teR+ '■ ^ ^ I**^} of continuous convolution semigroups 
of measures of the first kind on G — with {lJ't;m}teR+ having a representation kit of the form 
{V ,a^^,r]m}]^k=i — such that 

lim il{U,{ist;m}) =^{U,{iJ.t}), and lim [ f{g)d7fm{g)=[ f{g)d7f{g), (5.57) 

m— )-oo ^ / \ / m— >oo Jq Jq 

for every bounded Borel function f: G* — )• C belonging to L^(G^,, r/; C). 

Proof: Let {fr', o-^'^, denote, as usual, the representation kit of the convolution semigroup 

of measures {/^t}tgM+, and let G — M""" be a Hunt function and its restriction to G*. For 
every m G N, consider the measure r]m on G* determined by 

d7?^(5) = (l-exp(-m$'(r7)))d??(5), g £ G.. (5.58) 

The measure rjm is finite (by construction), for all m E N, and, as < (l — exp (— m^'{g))) < 1, 
by the 'dominated convergence theorem' we have that 



m— >oo 



Jim^^ / fig) dr]M = / fig) Mg), (5.59) 



for every bounded Borel function /: G^, — )• C contained in L^(G^,, ry; C). Denote by {lJ-t;m}t£R+ 
the continuous convolution semigroup of measures with representation kit {b^ ,a-'^,'r]m}l'k=i- From 
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relations (|5:i9]) and ([5391) ~ setting f{g) = {(p,U{g)Au{g)* - A-'^]^^ x\g) [Xj.A]^)), g G G„ 
for any A G B{J-L) and (p,ip £ Ti — we obtain that 

lim £{U,{fit-rr.}) =^{U,{f^t})- (5.60) 

The proof is complete. □ 

Having completed the main technical proofs, we are finally ready to focus on the main result 
of this section, which can be regarded as a generalization of an already cited classical result of 
Kiimmerer and Maassen [T7j. The latter result is obtained from the former (namely. Theorem 15. II 
below) by choosing the unitary representation U as the defining representation of SU(N) (up to 
unitary equivalence). It will be now convenient to establish a few additional notations. Given a 
nonempty subset S oiU{T-l), we will denote by cone(5) the cone in C{Ti) generated by this set — 
i.e., cone (5) := M+5 — and by cone (5) the closure of such cone. If G 5, consider, moreover, 
the set 

COneo(5) := {21 G CCH): 3{am}mm C M+, OO, 3{'Qlrn}m€N CS S.t. Um^rn -^21}. (5.61) 

It can be shown that if 5 is a closed set, then coneo(5) is a closed cone (see [33], where a closed 
subset of a normed vector space is considered). Denoting, as above, by V a subgroup of li(Ti) 
and by V the subgroup of U{'H) which is the closure of V, the sets cone ( W V — I) and C(V) := 
co-cone (VVV — /) are characterized as follows. 

Proposition 5.3 For the closed convex cone C(V) := co-cone ( VV V — /) we have: 

C{V) = co-cone (VVV - /) = co-cone (DMru(V) - /) = co-cone (DMru(V) - /). (5.62) 

The set coneo(VVV — /) is a closed cone in C{T-L). The closed cone cone ( V VV — /) is contained 
in C(V) and 

cone(VV V - /) = coneo(VV V - I) U cone(V V V - /). (5.63) 
Proof: The proof of relations (I5.62p goes as follows. First observe that 

C(V) := co-cone (VVV - /) = co-cone(VV V - /) = co-cone (VVV - /). (5.64) 
Next, we have: 

co-cone (VVV - /) = co-cone (co (V V V - I)) (5.65) 
= co-cone (DMru(V) - /) = co-cone (DMru(V) - /) = co-cone (DMru(V) - /). 

Thus, the proof of (j5.62p is complete. 

Next, since VVV — / is a closed set, coneo(VVV — I) is a closed cone, and from our previous 
arguments it is clear that the closed cone cone(VV V — /) is contained in C(V). Let us prove 
relation ()5.63p . For every compact subset K. oi C{'H) such that G /C, the following decomposition 
holds: cone (/C) = coneo(/C) -|-cone(/C) (see [43], Theorem 3.2, and take into account the fact that 
the 'asymptotic cone' — or 'recession cone' — generated by a bounded set coincides with the 
origin). Apply this result to the compact set VVV — /. The proof is complete. □ 
In the following, the subgroups V and V of U{H) will be identified with the subgroups U{G) and 
U{G), respectively. Let V[/ be the real vector space obtained by projecting i(Ran(7r;7)) — regarded 
as a vector subspace of B^.i'H) — onto the orthogonal complement of the one-dimensional space 
spanned by the identity; namely, 

Vu:={AeBR{'H): A = i{7ruiO-^~M^u{0)l), UUe{G)}. (5.66) 
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We will denote by D the dimension of the vector space V(/ (D < min{n, N — 1}). Observe that, if G 
is a semisimple Lie group, then [Lie (G), Lie (G)] = Lie(G) and V^/ = i(Ran(7rt/)) . Finally, in the 
case where {^t}t&M.+ is of regular type, the adapted coordinates {g i— )• x^{g), . . . ,g ^ are 
integrable with respect to the Levy measure r/ and we can set 

o'iv)-=- x\g)(lri[g), j = l,...,n. (5.67) 

Theorem 5.1 Let G be a Lie group and U a smooth unitary representation of G in the Hilbert 
space T-L. Then, for every continuous semigroup of measures {lJ't}teR+ on G — let {6^, a-'^, ?7}"^.=i 
be the associated representation kit — the infinitesimal generator £([/, {fJ-t}) ■ B{H) — )• B{H) of the 
twirling semigroup {&t}t<=M+ associated with the pair {{^^t}t£W+ ■, U) is of the form 

£{U,{iJt}) = & {U,{l^t}) +'m{U,{fit}), (5.68) 

where &(U,{fit}) and W(^U, {fit}) belong to the closed convex cone C{U{G)) C C{T-l) C C{T-l) and 
are given by 

n n 

e{U,{fit}) ■■=Y.^[X„{-)] + Y. «^'({^J-^fc'(-)}-2X,(-)X,), (5.69) 

j=l j,k=l 

„ n 

W{U,{f,t}):= / (uvU{g)-I-Y,^'i9)[Xj,{-)])M9), (5-70) 

with Xi, . . . ,Xn the skewadjoint operators defined by i2.16\) . In the case where the semigroup of 
measures {fit}t&R+ is of the first kind, we have: 

n 

W{U, {/ij) = rj{G,) (H^ - /) + E dir,) [X„ (•)] , (5.71) 

with il^ : Bin) Bin) identically zero, for rj = 0, and 

il^ := v{G,)-' [ UVU{g) dv{g) G DM,,{U{G)), for r? / 0. (5.72) 

Suppose, instead, that the semigroup of measures {f^t}teR+ is of the second kind. Then, there exists 
a sequence {{fJ-t;m}teR+ '■ ^ G I^} of continuous convolution semigroups of measures of the first 
kind on G — with {fJ't;m}teR+ having a representation kit of the form {&^, o-'^, f?m}"fc=i — such 
that limm^oo-C(f/, {/it;m}) = £([/, {/it}) , and lim^^oo Jcjid) ^Vm{g) = Jcjid) '^vid), for every 
bounded Borel function /: — )• C belonging to L^(G^,, C). Moreover, we have that 

n 

W{U, {fit}) = Jirn^ (vmiG.) i^t - ^) + E ^'(^-) t^^' (•)] ) ' (^-^3) 
and, in the case where {fit}teR+ is of regular type, 

n 

W{U,{l^t}) = Wo{U,{fit}) +^ci{v)[Xj,{-)], (5.74) 

with Wo(jJ, {fit}) denoting the element of the closed convex cone C{U{G)) determined by 

Wo{U,{f,t})= lim ??„(G,)(il^^-/). (5.75) 
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The superoperator defined by i5. 69\) can he expressed in the canonical form 

e{U,{i,t}) = -\[HA-)\+Y.lk{F^{-)F^ - -{Fl{-) + {-)Fl)), 7,>0, (5.76) 



k=l 



with H,Fi, . . . traceless selfadjoint operators in % satisfying 

H,F,,...,F^ cVu, {Fj,Fk)ns = Sjk, j,k = l,...,I). (5.77) 

In particular, if{fJ-t}teR+ ^ Gaussian semigroup of measures, then W{U,{nt}) = ande{U,{tit}) 
is of the form i5.15\) . i.e., {&t}teR+ "i-^ Gaussian dynamical semigroup. Finally, for every super- 
operator £: B{T-L) — )• B{'H) of the form £ = 6 + 7o(it — /) — with 6 of the general form given 
by the r.h.s. of \5. 76p , il belonging to DMru(C/(G)) and 70 > — there is a continuous convo- 
lution semigroup of measures {lit}t&.+ on G — with associated Levy measure identically zero, if 
7o(il — /) =0 — such that the infinitesimal generator of the twirling semigroup {&t]teR+ induced 
by the pair {{lJit}tm+ ^■ 

Proof: By Lemma 15.4^ the infinitesimal generator £([/, {/i^}) is of the form (I5.68p . In particu- 
lar, in the case where the semigroup of measures {^J't}teM+ is of the first kind, the superoperator 
2U([/, {^t}) is of the form ()5.7ip . By Lemma 15.51 ™ the case where the semigroup of measures 
{^J't\teM+ is of the second kind, there exists a sequence {{^t;m}tGM+ • ^ ^} °f continuous convo- 
lution semigroups of measures of the first kind on G — with {pi't;m]teM+ having a representation 
kit of the form {&^, a-'^, f?m.}j ^=1 — such that 

hm £(;7,{^t;^}) =i;(?7,{M), and lim / f{g)drjM=[ f{g)d7]{g), (5.78) 

for every bounded Borel function f : G^ ^ C belonging to L^(G*,7/;C). It follows that ()5.73p — 
and, in the case where {^t}tgR+ is of regular type, as limm->oo (ilm) = c-' (^)i (!5.74p — hold true. 

Let us prove that the superoperators ^[U, {/ij}) and W[U, {/it}) of decomposition (I5.68j) belong 
to the convex cone C{U{G)). Indeed, diagonalizing the positive matrix [a-''^]"^^-|^ and introducing 
a suitable new basis {vi, . . . , Vn} in Lie(G), we can write &[U, {fj-t}) in the form 

n 

&{u,{fit}) := [%,{■)] +^A,({y,y„(-)} -2y,(.)y,), a,- > o, (5.79) 

where Yq £ Ra,n{iTu), Yq = itu{vo) (for some vq G Lie(G)), and Yi = itu{vi), . . . ,Yn = TTu{vn) are 
skewadjoint operators in V.. For the superoperator [Yq, (•)] we have: 

[^o,(-)] =;^(e*^''(-)e-*^°) _ = limt-i(e*^o(.) e"*^" - (•)), e±*^" = C/(expG(±tt;o)). (5.80) 



Therefore, [Yq, (•)] belongs to C{U{G)). Analogously, since e J = U {expQ{±tVj)) , we have that 
{YjY„{.)}-2Y,{.)Y, = l[Y„[Y„{.)]] 

= limi^((e*^^(-)e-*^^ - (•)) + (e"*^^ (•) e*^^ - (•))) G C{U{G)). (5.81) 
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Hence, {/^t}) is a convex combination of elements of the closed convex cone C{U{G)). By a 
similar argument 21T(f7, {/i^}) belongs to C{U{G)), as well. 

The canonical form (j5.76p of the superoperator (5[U, {nt}) follows from a direct calculation 
(hint: expand the selfadjoint operators iXi, . . . , iXn with respect to an orthonormal basis in Bm.(T~L) 
including a multiple of the identity, and exploit the fact that [o"''^]";.-]^ is a positive symmetric 
matrix). If {lJ.t}t(^R+ is a Gaussian semigroup of measures, then the associated Levy measure is 
identically zero and [a-''^]"^^^ / 0. Therefore, in this case, W[U,{fj,t}) = and &[U,{fit}) must 
be of the form (j5.15p . 

Let us prove the last assertion of the theorem. First, if 70 (il — l) 7^ 0, choose a Levy measure 
77 (of the first kind) on G* as a superposition of point mass measures in such a way that 

^(c/V[/(5)-l)dr/(5)=7o(H-l), (r/(a)=7o); (5.82) 

otherwise set 77 = 0. Next, take vectors Co) Ci) • • • 1 Cd in Lie(G) such that 

n 

Coe(7r-\-iP-\H))-Y,o^{v)^j), aevr-i(iP-i(Ffc)), k = l,...,D, (5.83) 

i=i 

where Pjj is the orthogonal projection (with respect to the Hilbert-Schmidt scalar product) of 
8^(71) onto V{/. Now, expand the vectors Coi Cii • • • > Cd with respect to the basis {^1, . . . , in 
Lie(G): Co = J2j=i ^Cj) Ck = Yl?=i dkiiu A; = 1, . . . , D. At this point, one can check that 

n n 

£ = 6 + 7o(H - /) = ^ [X„ (•)] + a^^ {{XjXu, (•)} - 2X, (•) X,) 

j=l j,k=l 

„ n 

+ / {uyU{g)-l)dr^{g) + Y,ci{r^)[X„{-)], (5.84) 

JG* j=l 

where is the positive real matrix defined by 

1 ° 

a^^ := - ^ Ji6imdijdmk- (5.85) 

l,m=l 

Finally, let {/if}tGR+ be the continuous convolution semigroup of measures associated with the 
representation kit {fr' , o-''^, From formula (j5.84p it follows that £ = S,(JJ, {fit}) . 

The proof is complete. □ 

Remark 5.3 Given any pair of representation kits a-'^, ^j" ^=1 and {V ,d^^,fj}^j^^-^^ (of convo- 
lution semigroups of measures on G), for all r,f £ one can define the set 

r a^■^ r/}^fc^i +r{lP, a^■^ r/j^^^i := {rb> + rl>>,ra^'' + f a^■^ rr? + f r?}^_fc=i, (5.86) 

which is again the representation kit of a convolution semigroup of measures on G. Then, from 
Theorem 15.11 it follows that the set 

Q{U) := {£([/, {/Xi}) G ^{'H)'- {^J't}teR+ continuous conv. sem. of measures on G} (5.87) 

of all generators of twirling semigroups associated with the representation [/ is a convex cone 
contained in C(V). Note that the convex cone G{U) is not 'pointed' (i.e., it is a 'wedge'), unless 
the representation U is trivial. In fact, we have that 

GoiU) := QiU) n i-GiU)) = {i[H, (•)] : ^ G V^}. (5.88) 



28 



The set QoiU) is the 'HneaHty space' [44J of the convex cone G{U). It is a vector space contained 
in the closed cone coneo(VVV — /). The hneahty space Go{U) is the smahest face (extreme subset) 
of the convex cone G(U); namely, it is a face of G(U), and any other face of G{U) contains GoiU). 
Moreover, the following decomposition holds: 



where Gi{U) is the pointed cone defined by Gi{U) := {0} U {G{U) \ Go{U)). U 

Recalling the second assertion of Proposition lS-H and applying the last assertion of Theorem l5.ll 
to the defining representation of the group SU(N), we get the following result. 

Corollary 5.1 LefH be a finite- dimensional Hilbert space. Then, every twirling semigroup acting 
in B{'H) is a random unitary semigroup and, conversely, every random unitary semigroup acting 
in B{Ti) arises as a twirling semigroup. 

6 Conclusions, final remarks and perspectives 

In the present contribution, we have studied the main properties of a well defined class of semi- 
groups of (super)operators acting in Banach spaces of trace class operators. These semigroups of 
superoperators — that we have called twirling semigroups — are associated in a natural way with 
the pairs of the type {U, {fJ-t}teR+)j where U is a projective representation of a l.c.s.c. group G and 
{l^t}t&R+ is a continuous convolution semigroup of measures on G. In Sect.HJ we have proved that 
the twirling semigroups are quantum dynamical semigroups. Hence, they describe the dynamics of 
a class of open quantum systems. In order to provide a characterization of this class of dynamical 
semigroups, we have studied their infinitesimal generators. 

As a first step, we have analyzed in detail the case where G is a Lie group and U is a finite- 
dimensional, smooth (equivalently, continuous), unitary representation. However, we stress that, 
thanks to Nelson's theory of analytic vectors [45] , one can extend some of the results of Sect. [5]to the 
case where U is a generic strongly continuous unitary representation by taking care of the domains 
of the (in general, unbounded) infinitesimal generators of the associated twirling semigroups. This 
task will be accomplished elsewhere |46| . 

The main technical tool that we have exploited for proving the main result of Sect. [5] — i.e.. 
Theorem 15.11 — is the classical Levy-Kintchine formula; but, as the reader will have noticed, it 
has been necessary to prove Lemma 15.31 in order to use this formula 'as if the (smooth) function 
G B g ^ {(t),U{g)AU{g)*i)), A G B{rL), (j),^; e H, belonged to Cl{G;Cy (which, of course, in 
general is not the case, unless G itself is compact). Moreover, as the reader may verify, to derive 
the expression of the infinitesimal generator of the twirling semigroup associated with the pair 
([/, {/Ut}tgR+) is simpler if one assumes that {nt}t&R+ is a Gaussian semigroup of measures (to this 
aim, one can exploit the defining condition (j5.18p ): i.e., if {fit}teR+ is the distribution associated 
with a Brownian motion on G. 

In addition to these technical remarks, it is also worth observing that twirling semigroups are a 
natural source of covariant quantum dynamical semigroups. In fact, let {©t}tgiR+ be the twirling 
semigroup associated with the pair (U, {nt}tGR+)- Consider the set 



Go{U,{fit}) := {g G G: et{UVUig)A) = UVUig){&tA), Vt G M+, Vi G ^iC^)}. (6.1) 



As the reader may easily check, Go{U, {^J-t}) is a closed subgroup of G. This subgroup includes the 
set 



G{U) = Go{U)+Gi{U) 



(5.89) 



Go{U) := {g G G: UVU{gh) = UVU{hg), V/i G G} 



(6.2) 



29 



which is a closed normal subgroup of G containing the center of G. For instance, in the case where 
[/ is a projective representation of an abelian group G, we have: 



G = Go{U,{fit}) = Go{U). 



(6.3) 



Now, let G be any subgroup of Gq{U, {^t}), and let ?7 : G — )■ U{T-L) be the projective representation 
defined by 




Then, we have that 



&t{U{g)Aij{gy)=lJ{g){&tA)lJ{g)\ Vt G M+, V5 G G, Vi G ^i(l^); (6.5) 



namely — by definition, see |14] — the quantum dynamical semigroup {Sj}(g]R+ is covariant with 
respect to the representation U . 

Another issue that is worth discussing is the characterization of the twirling superoperators 
that are Markovian channels \i7\ I48j (we would prefer the term embeddable channels); i.e. that are 
members of quantum dynamical semigroups. Precisely, a twirling superoperator (3 is a Markovian 
channel if (3 = ©i, for some quantum dynamical semigroup {Sj}^£]g+ (not necessarily a twirling 
semigroup). Clearly, if the twirling superoperator 6 is associated with a pair (C/, //) (which is, in 
general, not unique) such that the probability measure n is embeddable — namely, n = fii, for some 
continuous convolution semigroup of measures {lJ't}teR+ (see [5]) — then it is a Markovian channel 
and a member of the twirling semigroup associated with the pair (U, {lJ't}t&R+)- However, whether 
every twirling superoperator which is a Markovian channel is a member of a twirling semigroup 
seems to be an interesting open problem. The investigation of this problem, in the light of known 
results about the relation between embeddable and divisible probability measures [5J , may lead to 
a deeper understanding of the relation between Markovian and divisible channels [48] . 




Finally, we note that, if the representation U : G ^ liiT-L) is genuinely projective, by consider- 
ing a central extension [30J Goxt of the circle group T by G one can always represent any twirling 
semigroup associated with [/ as a twirling semigroup associated with a standard unitary repre- 
sentation of Gext (consider that every convolution semigroup of measures on G can be trivially 
extended to Gext)- 
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